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Abstract
Shaping a tokamak plasma to have a negative triangularity may allow operation in an
edge-localized mode-free L-mode regime and with a larger strike-point radius, ameliorating
divertor power-handling requirements. However, the shaping has a potential drawback in the
form of a lower no-wall ideal beta limit, found using the MHD codes chease and dcon. Using
the new fusion systems code faroes, we construct a steady-state DEMO2 reactor model. This
model is essentially zero-dimensional and neglects variations in physical mechanisms like
turbulence, confinement, and radiative power limits, which could have a substantial impact on
the conclusions deduced herein. Keeping its shape otherwise constant, we alter the
triangularity and compute the effects on the levelized cost of energy (LCOE). If the tokamak is
limited to a fixed B field, then unless other means to increase performance (such as reduced
turbulence, improved current drive efficiency or higher density operation) can be leveraged, a
negative-triangularity reactor is strongly disfavored in the model due to lower βN limits at
negative triangularity, which leads to tripling of the LCOE. However, if the reactor is
constrained by divertor heat fluxes and not by magnet engineering, then a
negative-triangularity reactor with higher B0 could be favorable: we find a class of solutions at
negative triangularity with lower peak heat flux and lower LCOE than those of the equivalent
positive triangularity reactors.
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1. Introduction

Shape is critical for determining tokamak plasma behavior.
The effects of aspect ratio A and elongation κ have both been
extensively studied [1–4] and their impacts on reactors [5, 6]
understood. After A and κ, the third most common quantity
used to describe the shape of a tokamak plasma is the triangu-
larity, often denoted as δ. A plasma with δ = 0 has a vertical
symmetry when viewed in the poloidal plane, while one with
positive δ is flatter on the inboard side and more rounded on

∗ Authors to whom any correspondence should be addressed.

the outboard side, like the letter D, and a plasma with δ < 0 is
shaped like a backward D. Modern large tokamaks, including
JET, NSTX-U, and DIII-D, have been constructed to primar-
ily support positive triangularity shapes, and increased positive
triangularity has been found to yield improved performance
[7], including access to higher energy confinement times via
H-mode [8–10].

However, designing a reactor to run in H-mode is chal-
lenging due to the onset of edge-localized modes (ELMs)
in this high performance regime [11–13]. If not mitigated
[14, 15], these releases of energy can damage divertor com-
ponents with extreme transient heat fluxes [16]. In an encour-
aging development, recent experiments have demonstrated
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ELM-free negative-triangularity L-mode plasmas with con-
finement times comparable to those of positive-triangularity
H-mode plasmas [17, 18]. Avoiding ELMs permits a steadier
and more manageable heat flux at the divertor, and the geom-
etry of negative triangularity permits an increased strike point
radius, further lowing heat fluxes. Remaining in L-mode also
avoids the necessity of maintaining a power through the sepa-
ratrix high enough to prevent an H → L mode back-transition;
this power must then be radiated in the SOL or handled in the
divertor.

These attributes have led to a renewed interest [19] in
negative-triangularity reactors [20, 21], which were recently
reviewed by Marinoni et al [22]. The potential of a negative tri-
angularity reactor is further increased by recent advancements
in magnet technology permitting higher fields [23, 24], which
may compensate for lower 〈βN〉 achievable with negative tri-
angularity. It would be useful to have some metric by which to
compare positive and negative triangularity reactors.

This paper examines the economic consequences of mov-
ing from positive to negative triangularity for a DEMO-like
reactor. In particular, we focus on the levelized cost of energy
(LCOE). This is the constant price such that if a plant is oper-
ated at its maximum power, Pnet, over the fraction of the year
it is available, fav, and sells all the produced electricity at this
price, the lifetime costs of constructing and operating the plant
will be exactly recouped. It can be computed as

LCOE =
CC0FCR0 + COM

8760 favPnet
+ CV, (1)

where CC0 is the total capital cost of the plant, FCR0 is the
annualized fixed charge rate to pay for the capital, COM is the
annual fixed operations and maintenance cost, and CV is the
variable cost of operation per MW h. As an optimization objec-
tive, LCOE can be preferable to capital cost, since it takes into
account these operational costs and lower availability due to
scheduled maintenance.

A novel fusion systems code, faroes, is used to construct a
zero-dimensional tokamak model including several effects of
triangularity. The model does not include variation of plasma
profiles, such as an H-mode with a pedestal at positive tri-
angularity and an L-mode without pedestal without triangu-
larity, nor does it include variation in core confinement or
radiative fraction limits, which are potentially favorable for
negative triangularity, nor consider how plasma physics mech-
anisms like energetic particle confinement or current drive effi-
ciency change with shape. Additionally, since the model is
zero-dimensional, the points presented here do not necessar-
ily correspond to a real-world combination of self-consistent
plasma profiles, which must be produced and controlled via
the actuators available in a power plant. Additional experi-
ments and more sophisticated simulations must be performed
to establish and evaluate reactor-grade negative triangularity
plasmas.

A cost model [25] incorporated into faroes calculates the
capital cost, operational costs, and availability of the reactor,
leading to the calculation of the LCOE. However, we report
here only the relative costs of different design points. The cost
model is heavily simplified, and does not account for expected

future developments necessary for the deployment of fusion at
scale. While it has value for comparing similar designs under
the same set of assumptions, the true cost of fusion energy
will depend on many factors including technological progress
which is underway.

We find that the best choice of triangularity depends on
the relative capabilities of magnet technology and divertor
technology. For example, at constant toroidal field BT0, the
decreased fusion power due to the lower βN limit at nega-
tive triangularity nearly triples the LCOE, which cannot be
mitigated by a lower plant downtime due to lower peak diver-
tor heat loads. However, we also find that if the toroidal field
can be increased without incurring significant additional cap-
ital costs, there are negative triangularity solutions with equal
fusion power but lower peak divertor heat loads and a lower
LCOE.

To begin this investigation, we review some strengths and
weaknesses of negative triangularity reactors in section 2. The
new systems code faroes is then introduced in section 3 along
with a discussion of the effects of triangularity which are
implemented in the tokamak model used for the present study.
Section 4 presents the results of altering the DEMO-like reac-
tor from positive to negative triangularity with a fixed BT0,
and section 5 studies the effects of changing BT0. In these
studies, we see that configurations with positive or negative
triangularity can both emerge as the favored geometry depend-
ing on the most relevant technological drivers, as summarized
in section 6. Finally, initial conclusions from this study are
presented in section 7.

2. Strengths and weakness of negative
triangularity

The attributes of negative triangularity reactors which are key
to this study are described in this section. For a more detailed
introduction see Kikuchi [26] and Marinoni et al [22].

Tokamaks with negative triangularity are potentially use-
ful because they can achieve high confinement while operating
in an ELM-free L-mode regime [17, 19, 20], which alleviates
issues with extreme transient heat fluxes and plasma–material
interactions, simplifying the divertor problem. With the diver-
tor x-point at a larger radius, divertor power-handling is
further eased as the plasma-wetted area is larger. For fixed
profiles of temperature and density, the geometry of negative-
triangularity flux surfaces is expected to lead to an enhanced
bootstrap current [20], which decreases external current-drive
requirements and can lead to a lower recirculating power frac-
tion, especially for steady-state devices. Additionally, turbu-
lent diffusion of heat due to trapped electron modes may be
suppressed, leading to higher confinement factors H [27–29].

However, the geometry also has certain disadvantages
compared with a positive-triangularity plasma. For example,
more of the plasma exists at a large major radius, where the
toroidal field is lower by 1/R. This means that the averaged
pressure achievable for a given 〈βT〉 (volume-averaged beta)
decreases, potentially leading to lowered plasma performance.
Additionally, we find that the ideal no-wall stability limit is
lower in 〈βN〉 (normalized volume-averaged beta) for negative
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triangularity, further decreasing plasma performance. This is
in agreement with previous work by Medvedev et al on TCV,
which showed that n > 0 modes in negative triangularity have
a lower limit due to reduced wall stabilization [21, 30, 31].
Moving the tallest point of the confined plasma to a larger R
may worsen the toroidal field ripple, leading to greater fast-
particle losses through stochastic ripple banana-drift diffusion
[32], unless the TF magnet bore size is increased as well.
Moving more of the plasma to a larger R also increases the
first wall area and blanket volume, and may lead to a less
compact machine core, potentially increasing the capital costs
associated with reactor designs.

3. Comparison methodology

We recreate the steady-state DEMO2 reactor described by
Reux et al [33] using the new systems code faroes. We
then use Sheffield’s updated tokamak plant cost model [25] to
assess changes to the capital cost and LCOE, relative to the ref-
erence case. In section 4, we vary the triangularity while keep-
ing fixed the rest of the radial build, plasma elongation, and
toroidal field strength. Since the magnitudes of some physics
effects of triangularity are not yet well-quantified (such as
enhancements to H98), or are only crudely estimated within our
model (enhancements to trapped particle fractions and boot-
strap current), we perform various scans, adjusting the mag-
nitudes of some of these effects or keeping certain outputs
constant, and let the code solve for self-consistent design
points. In section 5 we study the effects of increasing the
toroidal field strength.

3.1. Overview of the FAROES systems code

Faroes is a systems code for fusion reactors written in
python, largely ported from spreadsheet models developed
by Menard et al [6]. It is built using the multidisciplinary opti-
mization framework OpenMDAO [34]. The faroes tokamak
model used in this work is zero-dimensional; i.e. quantities
such as the total fusion rate are computed as a fixed constant
times the plasma volume and the volume-averaged ion temper-
atures and densities. Inclusion of the Sheffield and Milora [25]
cost model allows optimization for values such as the capital
cost and LCOE. A manuscript describing faroes is in prepa-
ration, and the effects of triangularity included in the tokamak
model for this work are described in this section.

3.2. Effects of triangularity in the FAROES tokamak model

The faroes tokamak model used for this study includes two
types of effects of triangularity: purely-geometric effects and
physics effects. Purely-geometric effects will be discussed
first. The shape of the last closed flux surface (LCFS) is given
by [35, 36]

R = R0 + a cos(t + δ sin t), (2)

Z = κa sin(t), (3)

where t ranges from 0 to 2π. This is a smooth shape without
an X-point; while the model includes notional divertors, they

are neglected in the geometric representation of the LCFS.
It should also be noted that the major radius, R0, is both the
geometric axis (the mean of the inboard and outboard plasma
radii) and the plasma axis; this model does not recognize a
Shafranov shift. Here the quantity δ is referred to as the tri-
angularity. Basic geometric effects with this plasma shape
include a larger plasma volume and surface area at δ < 0,
as well as altered poloidal circumference and cross-sectional
area. In this faroes tokamak model, the first wall conforms to
the plasma shape, so the blanket area and (at constant thick-
ness) blanket volume are larger at negative δ as well, leading
to increased material costs.

One geometric consequence of the negative triangularity
shape is that more of the plasma is located at a larger major
radius R, where the toroidal magnetic field is lower. It fol-
lows that for a given ‘volume-averaged toroidal beta’, 〈βT〉,
the volume-averaged plasma pressure 〈p〉V will be lower for a
negative triangularity shape. These quantities are defined and
the effect described in more detail in the subsequent section.

3.2.1. Geometric effects on volume-averagedplasma pressure
at fixed 〈βT〉 or fixed 〈βN,v〉 and plasma current. The standard
(‘experimentalist’ [37]) toroidal beta is defined as

βT =
〈p〉V

B2
T0/2μ0

, (4)

where 〈p〉V is the volume-averaged pressure within the LCFS
and B2

T0/2μ0 is the pressure of the vacuum field at the geo-
metric center of the plasma. This can also be thought of as the
ratio of the total thermal energy of the plasma to the magnetic
energy that would be in a plasma-sized volume with a uniform
field of strength BT0,

βT =

∫
p dV

VB2
T0/2μ0

.

Troyon and Gruber [37] noted that there is a related
‘numerically derived’ variant to this quantity, which we call3

〈β〉. With B denoting the local field strength, it is

〈β〉 =
∫

pdV∫
B2 dV/2μ0

=
〈p〉V

〈B2〉V/2μ0
, (5)

the ratio of the total thermal energy to the total (poloidal and
toroidal field) magnetic energy within the LCFS. In the faroes
tokamak model, we use a third variant, denoted 〈βT〉,

〈βT〉 =
∫

p dV∫
B2

T,v dV/2μ0
=

〈p〉V

〈B2
T,v〉V/2μ0

, (6)

where BT,v is the local vacuum toroidal field. Its denominator
is easier to compute because it does not involve the poloidal
field or the perturbations to the toroidal field by the plasma,
and for the plasmas considered here, 〈βT〉 is about 1% larger
than 〈β〉. Compared to βT, 〈βT〉 decenters BT0, which is useful
because we might expect that physical results like MHD sta-
bility limits are more naturally expressed in terms of ratios of

3 Note that 〈·〉 used without the subscript V is not a true volume average, but
is a ratio of volume-averaged quantities.
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Figure 1. The effect of triangularity on 〈p〉V at fixed 〈βN,v〉 for
various inverse aspect ratios ε.

total energies. The two quantitiesβT and 〈βT〉 differ by a factor
〈(R0/R)2〉V , which depends only on the shape of the LCFS—in
our parameterization only on δ and the inverse aspect ratio
ε = a/R0, but not on the elongationκ. Figure 1 shows the ratio
βT/ 〈βT〉, which reaches 40% for low aspect ratio and high tri-
angularity. Similarly to Menard et al [2] we further define the
three ‘normalized beta’ quantities

βN = βT
aBT0

Ip
, 〈βN〉 = 〈β〉 aBT0

Ip
, and

〈βN,v〉 = 〈βT〉
aBT0

Ip
, (7)

with total plasma current Ip in MA, minor radius a in m, and
BT0 in T. Limits to MHD stability, in particular the Troyon
limit [37], are conventionally defined in terms of βN. However,
Menard et al [2] found that when cast in terms of the second
quantity, stability limits were nearly invariant with aspect ratio.
The third is, again, used for the tokamak model in this paper
because it does not rely on the specifics of a plasma equilib-
rium, and is typically only about 1% larger than the second.
Like βT and 〈βT〉, βN and 〈βN,v〉 are simply related by the
factor 〈(R0/R)2〉V .

The geometric effect described here is that βT and there-
fore 〈p〉V will decrease due to the lower value of 〈(R0/R)2〉V

if either 〈βT〉 is constant with triangularity or, equivalently,
if 〈βN,v〉 and Ip are constant with triangularity. We consider
a constant 〈βN,v〉 to be more natural than a constant βN: in
systematic stability scans [2], the maximum stable 〈βN〉 was
found to be nearly invariant with aspect ratio (for a fixed κ,
δ, and bootstrap current fraction), while the correspondingβT,
〈β〉, and βN vary strongly with aspect ratio. However, we find
that the maximum stable 〈βN〉 is not quite invariant with tri-
angularity; it decreases at low and very high δ. This ‘physics
effect’ is described in section 3.2.3.

3.2.2. Geometric effect of strike point radius on peak heat flux
and reactor availability. Another geometric effect is the radius
of the outer strike point. This study assumes a conventional
divertor geometry, with the outer strike point radius taken
to be

Rosp = R0 + a/4 − δa. (8)

This ranges from R0 − a/2 at δ = 0.75 to R0 + a at
δ = −0.75. The strike point radius affects the scheduled down-
time and availability of the reactor, fav, as follows. The peak
heat flux qdiv, calculated using the heuristic drift model [38],
decreases as R−1

osp. In this calculation, we assume that the total
angle at which field lines approach the divertor target, Bθ/B, is
a fixed value imposed by the limitations of tile alignment [39].
Then the divertor target flux expansion [40]

RompBθ,omp

RospBθ,osp
∝ RompBθ,omp

Rosp(1/Rosp)
, (9)

is independent of Rosp and therefore independent of δ.
The divertors are assumed to have a useful lifetime of

Ftt = 10 MW yr m−2 before they must be replaced [25], and
the replacement time is assumed to be trepl = 180 days [41].
For simplicity, and to maximize the effect of changing Rosp, the
time required for blanket replacement and other maintenance
is not considered. Thus availability is

fav = (Ftt/qdiv)/(Ftt/qdiv + trepl). (10)

Since the negative triangularity geometry allows a larger Rosp,
then for the same PSOL, the plasma-wetted area is larger, the
peak heat flux qdiv will be decreased, and the divertor modules
can survive longer before replacement.

The assumption of a conventional divertor geometry is
meant to be the simplest possible, and it is not clear that a
conventional divertor is feasible for a fusion power plant. Solu-
tions with more complicated magnetic geometries, such as the
Super-X [42], or physical geometries, such as the vapor-box
[43], would require a more sophisticated model.

If a large flux expansion is more difficult for negative trian-
gularity machines, for example due to limited outboard space,
the divertor challenge would rise inversely with the smaller
flux expansion. A detailed study of the divertor magnetic con-
figuration and coil placement would be required to ascertain
how the flux expansion achievable at negative triangularity
compares to that achievable at positive triangularity. Such a
study is beyond the scope of this paper.

3.2.3. Physics effect of triangularity on 〈βN,v〉. The two
implemented physics effects of triangularity are a variation of
the maximum stable 〈βN,v〉 and an enhancement in the boot-
strap current fraction. Menard’s studies of ideal no-wall sta-
bility limits [2] using the dcon code [44] suggest that the
maximum stable 〈βN〉 is nearly constant with aspect ratio
(from ε = 1.25 to 10) at fixed κ, δ, and fBS. However, there
were not previously data on maximum stable 〈βN〉 at fixed A,
κ, and fBS over wide ranges of δ, so a study using ideal MHD
equilibrium and stability codes was undertaken, described in
the appendix. We find that for the DEMO2 aspect ratio and
elongation, the maximum stable no-wall 〈βN〉 decreases from
about 4.3 at δ = 0.5 to 3.5 at δ = −0.5. As shown in section 4,
this effect of triangularity is larger than the others, so it should
be given additional scrutiny. In particular, since trapped par-
ticle effects not captured in ideal MHD are expected to be
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Figure 2. Maximum stable no-wall 〈βN,v〉 and associated βN for the
DEMO2 shape parameters A = 3.18 and κ = 1.8 as a function of
triangularity, scaled to match the βN of the DEMO2 reference case
(small circle). See appendix for details.

important for stabilizing negative triangularity tokamaks [45],
further studies of stability limits should be undertaken.

Figure 2 shows the calculated 〈βN〉 and associated βN as a
function of δ which are used in the studies in sections 4 and 5.
They have been scaled to match the DEMO2 reference case.
In the faroes model, the calculated 〈βN〉 is identified with a
〈βN,v〉.

3.2.4. Physics effect of triangularity on bootstrap current
fraction. The last major effect of δ is on fBS, the fraction
of the plasma current driven by the bootstrap effect. Faroes
works with volume-averaged quantities and does not define
radial profiles of density, temperature, or current, so fBS is
computed using a simplified formula. It is computed as

fBS = f f fδ 0.9ε1/2βp,th max
(
1.2 − (q∗/11), 0.6

)
, (11)

where q∗ is the cylindrical safety factor [46],

q∗ =
L2

polBT0

2πR0μ0I
, (12)

βp,th is the poloidal beta due to thermal particles, fδ is a factor
which adjusts the bootstrap current fraction to account for tri-
angularity, and f f is a ‘supplementary factor’, normally unity,
which can be adjusted to match a more sophisticated point
calculation. Aside from f f and fδ , equation (11) is similar to
the ‘ITER group’ approximation in Wilson [47]. The factor fδ
captures the bootstrap fraction’s proportionality to f t/(1 − f t)
[48] where f t is the fraction of trapped particles on a flux sur-
face. Sauter [36] provides estimates for f t as a function of ε
and δ,

f t = 1 − 1 − εeff

1 + 2
√
εeff

√
1 − ε

1 + ε

εeff = 0.67(1 − 1.4δ |δ|)ε.

In faroes, a ‘typical’ f t is evaluated at a ρ = 0.75 flux surface,
where δ75 is estimated to be half of the LCFS value δ. The

Figure 3. The bootstrap enhancement factor fδ ∝ f t/(1 − f t)
normalized to unity at δ = 0.

Table 1. Parameters of the DEMO2 reactor computed by
sycomore [33] and faroes. For faroes, those in the first block are
fixed, unless specified otherwise. Those in the middle block have
been tuned using adjustment factors so that they match the δ = 0.5
reference case; unless specified otherwise, their factors are then
fixed and the values are recomputed self-consistently for other
cases. Those in the last block result.

sycomore faroes

R/ m 8.46 8.46
a/ m 2.66 2.66
Bt/ T 5.53 5.53
fGW 1.2 1.2
Zeff 2.73 2.73
PNBI/ MW 143 143

βN 3.43 3.43
Ip/ MA 15.69 15.69
fBS 0.41 0.41
qdiv/ MW m−2 10 10.0
H98 1.4 1.4

〈nHe〉V/〈ne〉V 0.073 n/a
〈nAr〉V/〈ne〉V 0.0052 0.0056
τE/ s 3.55 3.76
〈ne〉V/1020 m3 0.794 0.847
〈Te〉V /keV 15.16 15.42
Pfus/MW 1734 1937
Qphys 12.52 13.54
Pnet/MW 496 709

factor fδ is normalized to unity for δ = 0. Figure 3 plots fδ for
various ε. The term’s deviation from unity grows quadratically
with δ.

The lack of explicit profiles, or even representations of
distinct H-mode and L-mode characteristics, necessitates this
approach, which is heavily simplified compared to a full calcu-
lation of the bootstrap current. Additionally, the formula cho-
sen neglects the greater contribution to bootstrap current from
density gradients than from temperature gradients—this has
substantial impacts on the optimal system, as shown by But-
tery et al [49]. Finally, note that the effect of a larger bootstrap

5
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Figure 4. Three DEMO2-like reactors. Their inboard radial builds are matched to the steady-state DEMO2 reactor described by Reux [33].

fraction at negative triangularity has not yet been conclusively
shown in experiments.

3.2.5. Physics effects of triangularity not included in the model.
As the model lacks explicit profiles, or even differentiation
between the H-mode and L-mode profiles associated with
positive and negative δ, respectively, a number of impor-
tant effects are neglected. This includes variations in fusion
power, turbulence and confinement, current drive efficiency,
energetic particle resonances, density limits, the relationship
between the bootstrap current and dissipation, and differences
in the requirements for divertor solutions. Negative triangular-
ity plasmas may potentially operate with a lower PSOL as in
L mode they are not constrained to remain above the PH→L

threshold; this could simplify divertor power handling. We
have not attempted to estimate or bound the magnitudes of
the above effects, but we estimate the effect of the lack of a
Shafranov shift, described below.

The model lacks a Shafranov shift. In the MHD equilib-
ria studies described in the appendix, the Shafranov shift for
the highest-〈βN〉 negative and positive triangularity equilib-
ria were 6% and 3%, respectively. A larger Shafranov shift
increases the volume of the hot core plasma, and hence the
fusion power. However, the faroes tokamak model used here
does not include a Shafranov shift; the radius of the magnetic
axis is considered to be the same as that of the geometric cen-
ter. Neglecting this effect causes a relative decrease in fusion
power by a few percent in negative-triangularity cases, but this
is much smaller than the decrease due to lower 〈βN〉.

4. DEMO2 reactors with varying triangularity and
fixed toroidal field strength

For this study, we take a steady-state DEMO2 reactor modeled
using the code sycomore in a study by Reux [33] and build a
comparable device using a faroes tokamak model. In partic-
ular, it has the same radial build, elongation, BT0, Greenwald
fraction, and βN. The DEMO reactor is chosen because it the
target of other optimization studies, and this particular instance
of DEMO2 was chosen for its well-defined radial build.

Its properties are summarized in table 1. Not all the param-
eters can be matched exactly; in particular, the current drive

efficiency, bootstrap current, SOL width, and total thermal
fusion power are tuned using adjustment factors of order unity
to match Ip = 15.69 MA, fBS = 0.41, qdiv = 10 MW m−2,
and H98 = 1.4. Note that the adjustment tuning is performed
for the δ = 0.5 reference case; the adjustment factors are not
changed again and when running the other cases described in
section 4.1 the quantities Ip, fBS, qdiv, H98, and τE are outputs
of the solver. No explicit confinement assumption is necessary;
instead, confinement is implicitly defined by the combination
of plasma geometry, fGW, 〈βN〉, Zeff , and the need to both heat
and drive current solely via the neutral beams with power PNBI.

For the δ = 0.5 case, the fusion power and net electric
power are each larger by about 200 MW, and 〈ne〉V and 〈Te〉V

are similar. The thermal efficiency and NBI wall plug effi-
ciency are not specified explicitly by Reux, but values of 0.52
for each are consistent with the net electric power produced;
this implies a recirculating power fraction f recirc of 0.31. The
faroes runs in this study use a thermal efficiency of 0.5 and
NBI wall-plug efficiency of 0.5, so f recirc is 0.38.

We have not attempted to exactly reproduce the sycomore
DEMO2 and there are important differences in the models.
One is that the present faroes model does not account for
any He ash concentration. Another is that the particular plasma
volumes, surface areas, and poloidal circumferences are also
different between the two models: the helios [50] plasma mod-
ule used by sycomore describes plasma shapes with sharp
X-points, while the present faroes tokamak model has only
smooth shapes. While differences in the models do lead to dif-
ferences in fusion power and other values, this is not critical for
the present study, which is concerned with trends rather than
exact quantities.

A family of DEMO2-like reactors is studied with fixed
radial build, magnetic field strength, plasma elongation, Zeff ,
and fGW, but with triangularity varying from δ = 0.7 to
δ = −0.7. Figure 4 shows how the plasma, blanket, shield,
and toroidal field coils deform as the triangularity changes.
The shapes of inner and outer edges of the blanket and shield
are parallel curves to the plasma shape. The inboard side is
optionally modified by vertical cuts on the outer edges. This
allows independently setting the inboard and outboard mid-
plane thickness of each component. The inner profile of the
toroidal field coils consists of a vertical segment on the inboard
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Figure 5. Results of four scans of triangularity, plus one additional point. The first is a ‘standard’ scan with all the studied effects of
triangularity turned on. Scans 2, 3, and 4 knock out the effects of triangularity on 〈βN〉, the bootstrap fraction ( fδ) and the strike point radius
Rosp, respectively. The additional point, labeled 1b, has a doubled SOL layer width. Note that in some subplots, several curves are
overlapping.

side, two quarter-circle arcs, and a half-ellipse arc on the out-
board side. The outer profile curve is parallel to the inner pro-
file, so that the magnet has a uniform thickness. For each δ, the
magnet profile is fit around the shield to minimize the reactor’s
capital cost.

4.1. Overview of the studies in this section

Except where indicated otherwise, all the studies here hold
fixed the six parameters in the top block of table 1. Subsec-
tion 4.2 presents an initial set of four scans. In the first, the
triangularity of the reactor is varied, including all the effects
described in section 3.2. The LCOE is computed for each reac-
tor. In three more scans, three of the effects of triangularity
are turned off, one at a time, to assess their contribution to the
LCOE. It is shown that the decrease of βN with decreasing
δ strongly increases the LCOE. The increase of the bootstrap

fraction factor fδ and Rosp as δ decreases moderately lowers the
cost, but not enough to compensate. These results are reported
in detail below.

Subsection 4.3 shows that changes in the LCOE in the
first four scans are not caused by the machine geometry itself
impacting the capital cost.

In two further studies presented in subsection 4.4, 〈βN,v〉
and the bootstrap current supplementary factor f f are allowed
to vary freely, to find the magnitude by which these parameters
must be enhanced to keep the LCOE fixed as δ changes.

4.2. Changes in LCOE are driven by changes in physics

Figure 5 shows key results of the first four scans. In the stan-
dard scan 1, gray, the decreasing βN as δ decreases leads to
a lower βT, lower 〈p〉V , and a halving of the fusion power.
The increase in fδ competes with the lower βp,th to keep fBS

7
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Figure 6. Changes in the largest direct capital costs [25] with
triangularity due to changes in physical dimensions alone. These
costs apply to all the DEMO2-like reactors. Costs which are
functions of thermal or electric powers rather than volume are not
shown; the subtotal is the sum of the five listed components.

similar, while the total Ip decreases despite the same current
drive power. The increase in Rosp and the decreased Pfus lead to
a 60% smaller qdiv, which allows a longer time between diver-
tor replacements and increased availability. However, effects
of the higher bootstrap fraction and availability are overshad-
owed by the decreased fusion power; the lower power out from
a device of the same dimensions leads to the LCOE rising to
262% of the reference case value at δ = −0.5.

In scan 2, shown with blue dashed lines, the MHD stabil-
ity limit’s variation with δ is ignored, so 〈βN,v〉 is a constant
as δ is scanned. Even without this effect, the LCOE increases
as δ and βN decrease. This suggests that unless 〈βN〉 can
somehow be increased for negative triangularity reactors, their
lower volume-averaged pressure will be a major penalty to
their economics.

In scan 3, shown with orange dotted lines, the term fδ in
equation (11) is fixed to its value at δ = 0.5. Compared with
scan 1, this leads to a lower fBS and lower Ip, as well as slightly
lower βT, 〈p〉V , and fusion power. The LCOE at δ = −0.5
increases from 262% to 318% of the reference case value. This
effect on cost is much smaller than that shown by scan 2, sug-
gesting that in cases with an aspect ratio of around 3 and a
modest fBS, gains in bootstrap fraction due to a higher trapped
particle fraction are not large enough to offset the losses of
fusion power due to lower βN.

In scan 4, green, the outer strike point radius is fixed.
Compared with scan 1, this leads to a larger qdiv, and the
availability (assumed to be driven by periodic divertor replace-
ment) decreases from 0.84 to 0.79. This leads to an increase
in the LCOE from 262% to 277% of the reference case
value at δ = −0.5. This shows that, at least for the assumed
10 MW yr m−2 divertor lifetime and replacement time of
180 days, the increase in strike point radius with negative tri-
angularity does not substantially decrease the cost. Of course,
this analysis neglects the possibility of a threshold peak heat
flux below which a given divertor technology becomes fea-
sible. It also does not capture the distinction between ELM-
ing and ELM-free plasmas. Without an ELM-free plasma
regime, as has been demonstrated in negative triangularity

[17], divertor power handling may be much more difficult or
even intractable.

One additional point, labeled 1b, was also run. This point
has the characteristics of those in scan 1 except for a dou-
bled SOL width, to represent the larger SOL width typical of
L-mode plasmas. Due to the lower divertor heat flux, the avail-
ability rises to 0.91 and the LCOE drops to 242% of the ref-
erence case value, still much higher than the baseline δ = 0.5
configuration cost.

Overall, with the assumed variation in 〈βN,v〉 with δ, the
lowerβN at negative triangularity leads to a lower fusion power
and much higher costs of electricity. The larger bootstrap cur-
rent and strike point radii improve the economics, but not
enough to make up for the loss of βN.

4.3. Changes in tokamak core capital cost at fixed R, a, κ

The costing of the tokamaks follow Sheffield’s formulation
[25, 51]. While some components (such as the electricity gen-
eration systems) are costed according to their rated power, the
coils, blankets, shield, and reactor buildings are costed using
functions of their volume. Since the radial build (including
R and a) and elongation are fixed in this study, the costs of
those in the second category vary only slightly with triangu-
larity. As shown in figure 6, the subtotal cost of these compo-
nents increases less than 3% as triangularity is decreased from
δ = 0.5 to δ = −0.5. Therefore, within this framework, over-
all costs of electricity are driven by the changes in reac-
tor physics, as described in the prior section, more than
they are driven by changes in the physical machine shape.
The next subsection examines what improvements to reactor
physics—〈βN〉 or fBS—would be necessary to keep costs fixed
as triangularity is changed.

4.4. Required improvements in physics for equal costs

Two further studies are performed to determine the factors
by which 〈βN〉 or fBS would need to improve with negative
triangularity in order to keep the LCOE fixed.

It may be possible to increase 〈βN〉 by adding conducting
elements near the plasma, using feedback mechanisms [52],
altering current profiles, or employing plasma rotation or rota-
tional shear [2]. Figure 7 shows a collection of scans, five with
fixed 〈βN,v〉, and one (dashed) with the quantity allowed to
vary in order to keep the LCOE fixed. The value of 〈βN,v〉 at
δ = −0.5 must increase to 3.4, 10% higher that at δ = 0.5,
to keep the same cost of electricity. This enhancement of
〈βN,v〉 largely counteracts the falling 〈(R0/R)2〉V and allows
the fusion power to be kept nearly constant, leading to con-
stant net power generation. However, this presumed effect is
contrasted by the 18% decrease in the maximum stable 〈βN〉
found by the stability studies, which leads to a 〈βN,v〉 of 2.65.

Alternately, it may be possible to increase the bootstrap
current by carefully controlling profiles of density and ‘seed
current’. Figure 8 shows the results of five scans of triangu-
larity: four (solid lines) have different fixed bootstrap current
supplementary factors f f and PNBI is allowed to vary to keep
H98 = 1.4, and one (dashed black line) allows both f f and
PNBI to vary in order to keep both LCOE and H98 fixed. These
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Figure 7. Seven scans of δ: five with 〈βN,v〉 fixed at various levels (colored solutions, labeled 1-5), one with variation proportional to the
stability limits found by the MHD codes (black), and one with it allowed to vary so that the LCOE is constant (dashed). To keep the LCOE
constant, 〈βN,v〉 must be 10% higher at δ = −0.5 than at δ = 0.5, rather than the 18% lower found in our stability studies.

Figure 8. Five scans of triangularity studying the changes that
supplementary factors (a) to the bootstrap fraction (b) formula have
on the LCOE (d). Four scans (dotted, identified by shapes) have
fixed supplementary factors of 1.0 to 2.5×, and one (dashed black
line) in which the supplementary factor is varied in order to keep
LCOE fixed. In each scan, the neutral beam power, (c), is allowed to
vary to keep a constant H98 = 1.4. The bootstrap current fraction
must increase substantially, from 41% at δ = 0.5 to 86% at
δ = −0.5, to keep the LCOE constant.

scans show that at fixed H98, a negative triangularity tokamak
requires a significantly higher bootstrap fraction—an increase
from 41% to 86%—to yield the same LCOE. A higher fBS

requires less neutral beam current drive, which allows higher
net electric power and so higher revenue. To keep the LCOE
fixed, the δ = −0.5 machine requires a 2.5× increase in f f

over the δ = 0.5 machine, even after including fδ , the effect
expected from the higher trapped particle fraction. The change
in required bootstrap fraction is a 1.85× increase rather than
2.5× because other factors in equation (11) have decreased.

We have shown that at constant BT0 and fGW, the nega-
tive triangularity DEMO2 could employ substantial increases
in either 〈βN〉 or fBS to reach LCOE parity with the positive-
triangularity reference case. Alternately, other methods, such
as improved profiles, confinement, current drive efficiency,
or magnetic field strength could potentially be employed,

especially in combination. In the next section we study the
necessary increase in BT0 to reach LCOE parity for the nega-
tive triangularity machine; the other potential methods are not
examined in this study.

5. The high-field path to practical negative
triangularity reactors

Advances in high-temperature superconducting magnet tech-
nology [23] may prove especially beneficial to negative-
triangularity reactors [19]. Despite the lower achievable βN,
negative-δ reactors can still reach adequate fusion performance
with increased toroidal field, while keeping divertor heat fluxes
below those of positive-δ machines. Depending on the costs of
the magnets, this may even lead to a LCOE which is superior
to that of positive-δ reactors. Thus, if reactors are limited by
divertor technology and not by magnet technology, a negative-
δ reactor may be the best solution. We find the minimum field
strengths to match the LCOE and the peak divertor heat flux
of the reference positive-δ DEMO2. These are 7.2 T and 9.2 T,
respectively, versus 5.53 T for the reference case. We also
discuss the challenges of engineering magnets for negative-δ
reactors.

5.1. Required magnet engineering enhancements to
equalize costs and divertor heat fluxes

Machines at δ = −0.5 with field strengths increased to 7.2 T
to 9.18 T will have both lower LCOE and lower peak heat
flux qdiv than the reference DEMO2 machine. A set of scans
of triangularity was carried out with the toroidal field, BT0,
as a design variable and a LCOE value as a constraint. This
finds the required BT0 to yield a certain LCOE as a function of
triangularity.

In figure 9, the results of these scans are plotted in the space
of BT0 and the peak divertor heat flux qdiv. The DEMO2 refer-
ence case is marked with a dot. This map shows that if BT0 can
be increased, there is a region where a negative-triangularity
reactor may have a lower peak heat flux and a lower LCOE
than the reference case. This region is above the ‘1.0×’ cost
contour and to the left of the qdiv = 10 MW m−2 tick. Table 2
details specific points within this region, at δ = −0.5. An
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Figure 9. Map of the required BT0 and resulting peak heat flux qdiv
to keep a fixed LCOE as δ is varied. The LCOE values of each
contour are labeled as factors of that of the BT0, δ = 0.5 reference
case, which is marked with a dot.

Table 2. Changes in LCOE and divertor heat flux when varying
BT0 by factors m at δ = −0.5. Compare to the 10 MW m−2, δ = 0.5
reference machine with BT0 = 5.53 T in table 1.

m BT0 Pfus Pnet Relative
(T) (GW) (GW) LCOE qdiv (MW m−2)

1.3 7.20 1.755 0.621 1.01 6.3
1.66 9.18 3.191 1.311 0.62 10.0

increase to 7.2 T, 1.3 times its original value of 5.53 T, matches
the LCOE of the δ = 0.5 machine. Thus, a higher BT0 compen-
sates for the lower βN achievable at δ = −0.5. Additionally,
due to the larger outer strike point radius, the heat flux there is
6.3 MW m−2, 63% of that of the base δ = 0.5 design. Increas-
ing the field strength to 9.18 T matches the outer divertor heat
flux of 10 MW m−2 and further lowers the LCOE to 62% of
that of the reference case.

These calculated increases in BT0 are minimum values: they
do not account for increasing costs of the magnets themselves
as the field strength is increased. In the Sheffield costing model
[25], used in faroes for this study, the magnets are priced only
according to their material volume, not the field that they gen-
erate, shape, or other characteristics that affect the difficulty of
engineering and fabrication. The values calculated here also
do not consider additional magnet width or height required to
manage the toroidal field ripple (see below). The changes in
LCOE with BT0 will then be smaller than those reported here.
Hence, the required BT0 to reach LCOE parity will be higher.

Similarly, one could expect that a divertor engineered to
handle a higher peak heat flux will be more expensive than
one required to handle a lower heat flux. Thus, a more accu-
rate map would be stretched both horizontally and vertically
compared to this one.

5.2. Magnet engineering considerations for negative-δ
reactors

As shown above, in order to reach the same LCOE, the toroidal
field magnets for negative-δ reactors will need to generate

stronger fields than those of positive-δ reactors. There are fur-
ther reasons they may cost more than those for positive-δ reac-
tors. First, their engineering may be more difficult due to their
shape. Second, they may need to be built wider or taller in order
to reach acceptable levels of fast-particle losses due to toroidal
field ripple, which given the same magnets may be larger in
plasmas with negative-δ shaping.

As noted above, the magnet cost model used in this paper
is simplistic, so the changes in costing due to the remedies dis-
cussed in this section are meant only to be rough indications
of magnitudes and direction. More sophisticated magnet cost
models should be introduced.

5.2.1. Difficulties due to magnet shape. Toroidal field mag-
nets for existing and proposed future tokamaks generally
approximate the constant-tension ‘Princeton D’ shape [53]
by incorporating a larger radius of curvature at larger R.
One might therefore expect that a substantial deviation from
this profile, such as the ‘picture frame’ magnets depicted by
Kikuchi et al [54], could increase the cost to achieve the same
field, for example if more complicated support structures are
required.

5.2.2. Negative triangularity may require wider or taller
magnets to limit ripple transport. We find that enlargements to
the magnets in order to limit toroidal field ripple for negative-
triangularity tokamaks may increase the LCOE by a few per-
cent. Toroidal field ripple arises from the gaps between magnet
legs, especially on the outboard side. This variation in field
strength causes ripple trapping and stochastic ripple banana-
drift diffusion, which can cause alpha particles to be lost to
the wall before thermalizing [32]. This deprives the plasma of
some fraction of the alpha heating and leads to localized hot
spots on the wall.

Codes like ascot and spiral [55] trace particle orbits to
calculate the ripple loss fraction for a plasma in a set of coils.
However, these can require hundreds of CPU-hours per run
[56], which is not suitable for a zero-D systems code. Instead,
systems codes typically compute the ripple magnitude at the
(midplane) plasma boundary and axis [57], which can be done
in milliseconds. A typical maximum value for ripple at the
LCFS is 0.6%, used for EU-DEMO studies [58]. Here, we con-
servatively extend the limit criterion to cover the whole LCFS,
not just the midplane.

We compute the ripple using the toroidal field coil shapes
for the δ = 0.5 and δ = −0.5 machines shown in figure 4.
The current from each of the 18 magnets is computed using
five parallel current filaments, identically shaped and stacked
toroidally to approximate a ribbon of current with the toroidal
width of the magnet’s inboard leg. Each filament is divided
into 200 straight current elements for the Biot–Savart law com-
putation. The profile of the filaments aligns with the average
winding pack radius.

Figure 10 visualizes ripple magnitude contours for the two
machines. Despite the height of the magnet in (a) being the
same height as in (b), corresponding ripple contours have
smaller heights in the latter, and are shifted slightly outward at
their peaks. The LCFS of the δ = 0.5 machine slightly exceeds
the 0.5% contour near the outboard midplane. If necessary,
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Figure 10. Contours of toroidal field ripple for the (a) δ = 0.5 and (b) δ = −0.5 DEMO2-like machines, with the magnet configurations as
shown in figure 4. The 0.5% ripple contour is highlighted as it is a typical limiting value. At δ = −0.5, the plasma exceeds the 0.5% contour
over a large region near the X-point.

this can be corrected by increasing the outboard leg radius
by 0.3 m, which increases the LCOE by about 0.8%. For the
δ = −0.5 machine, the LCFS exceeds the 1.0% ripple con-
tour near the X-point. To maintain a ripple everywhere within
the LCFS of less than 0.5%, the outboard leg can be moved
outward by 1.1 m. This increases the LCOE by 3%.

The relative magnet cost increase for δ = −0.5 would be
higher if the LCFS ripple must be lower than 0.5%: since for
the same magnet height, equivalent ripple contours peak at a
lower Z value at negative δ, the magnet height as well as the
outer leg radius may need to increase. However, it is a conser-
vative assumption here that a plasma’s ripple losses are defined
by the largest ripple anywhere on the LCFS. It is expected that
ripple near the X-point is less important for confinement than
ripple near the midplane [56], so the necessary cost increase
to achieve a low enough global fast particle loss fraction may
not be so high. More detailed studies of ripple transport for
negative-δ tokamaks should be performed.

6. Discussion

We have studied the impact of changing the triangularity of
a steady-state DEMO2-like device using a novel open-source
fusion reactor optimization framework, faroes. As the model
is zero-dimensional, it does not include variations in confine-
ment physics or in profiles of densities and temperatures that
are expected to occur with changes in triangularity. These
changes would lead to further variations in fusion power, boot-
strap current, pressure limits, radiated power, and other effects.
The simplified nature of the model should be considered as
context for this discussion.

In the steady-state DEMO2-like device, the base configu-
ration with δ = 0.5 has a moderate bootstrap current fraction
of 0.41 and a relatively high recirculating electric power frac-
tion of order 40%, which leaves little room for decreasing
the fusion power. We first studied a scenario where the mag-
netic field is limited to its DEMO2 value of BT0 = 5.53 T.
As we assume that MHD stability requirements limit reac-
tors to a 〈βN,v〉 which decreases as δ is decreased, the fusion

power density of the plasma decreases as well. This leads to
a lower net output power, a higher f recirc, and large increase
in the LCOE. One way to keep costs fixed would be to some-
how increase 〈βN,v〉 by about 10% for a negative triangularity
machine, which is in contrast with the 18% reduction due to
MHD limits found in this study. This being said, the MHD
limit study performed for this work is simplistic, and the pos-
sibility of raising β limits through profile tailoring, wall stabi-
lization, or other means is an interesting path to explore. There
is some indication that wall stabilization may be less effec-
tive for negative triangularity shapes due to strong coupling
between fixed-boundary global Mercier modes [31] or inter-
nal models [21] and external kink modes, and to reach similar
βN limits via stabilization a closer-fitting wall may be required
[59].

Alternately, the cost could be held fixed if the bootstrap
fraction can increase (to roughly 0.86) while PNBI is reduced,
which decreases the required recirculating power. The required
increase in bootstrap fraction is much larger than that estimated
by our simple model of fδ, which gives an increase of about
12%; a supplementary multiplier of about 2.5 in the fBS for-
mula is needed to compensate. Current experimental evidence
does not lend support to an enhancement of this magnitude in
fBS with negative triangularity. Possible enhancements to the
bootstrap fraction at negative triangularity should be studied
with more sophisticated models and experiments.

If the magnetic field is held fixed, then a shift from posi-
tive to negative triangularity will increase costs. However, if
the tokamak is limited by divertor heat fluxes or ELMs and
not by magnet engineering, a negative-triangularity solution
could prove useful. A 30% higher toroidal field compensates
for the lower βN at δ = −0.5, and yields a reactor with the
same LCOE but with a 37% lower peak heat flux at the outer
divertor than the base δ = 0.5 case. A further decrease in tar-
get heat loads may be possible by operating in L-mode rather
than H-mode. This, together with a lack of ELMs, would bring
the divertor technology further within technological limits,
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such that it might become economical to again increase power
density despite larger peak heat fluxes.

Of course, increasing BT0 may be difficult: there is often
already an incentive to maximize field strength for a given
magnet radial footprint, as it yields a larger fusion power, and
the geometry of negative triangularity may lead to more diffi-
cult and costly magnet engineering. As the magnets are costed
purely by their material volume in this study, these increased
costs are not accounted for. Additionally, there may be a need
to increase magnet dimensions to limit the toroidal field rip-
ple that causes fast-ion losses. However, the magnitude of
these losses for negative-δ configurations has not been well-
studied and is difficult to estimate; further research should be
performed.

There are additional important caveats for this study. First,
the cost model does not incorporate the price of ELM mitiga-
tion techniques which may be necessary for positive triangu-
larity, but not necessary for negative triangularity. Second, the
divertor lifetime model, which is linear with peak heat flux,
is somewhat lacking. As heat fluxes are reduced away from
their technological limits, it could be expected that less costly
technology with lower complexity or larger margins could be
employed.

7. Conclusion

Achieving a high-pressure, high-power-density plasma is
essential for the economy of fusion reactors. We have exam-
ined the effects of a changing triangularity on a DEMO2-
like tokamak using a heavily simplified model. As the model
is essentially zero-dimensional, it ignores known effects of
the shape on transport and MHD stability and therefore on
profiles, bootstrap currents, radiation, and other physics that
would be captured in a more sophisticated model. We have
found that, at least within our simplified framework, negative-
triangularity reactors suffer twice in the pursuit of a high-
pressure plasma: once from the lower maximum stable 〈βN,v〉
due to MHD, and again from the lower volume-averaged pres-
sure 〈p〉V for a given 〈βN,v〉 due to the fall-off of magnetic field
strength as 1/R. We find that despite increases to the bootstrap
current fraction (due to a higher trapped particle fraction in
the negative-triangularity flux surfaces) and availability (due
to lower heat fluxes on the outer divertor), the decrease in
fusion power due to lower βN dominates the economics of the
machine.

Especially if improvements to bootstrap currents, current
drive efficiency, radiation limits, and confinement properties
cannot be made by tailoring profiles, one possible way to rem-
edy this would be to increase the toroidal field to compensate
for the loss in βN. We find that for a DEMO2-like steady state
tokamak with A = 3.18 and κ = 1.792, the field strength must
be increased from 5.53 T to 7.20 T to keep cost parity as tri-
angularity is shifted from δ = 0.5 to δ = −0.5. If this is pos-
sible, then while assuming fixed profiles and similar H98, the
negative-δ reactor can achieve similar fusion power but with
significantly lower outboard divertor heat loads. Thus, if reac-
tors are limited by divertor engineering more strongly than

they are limited by magnet engineering, the negative trian-
gularity reactor may be the more economical solution. This
being said, the study should be repeated with more sophis-
ticated physics and engineering models, especially involving
self-consistent profiles, current drive, and bootstrap current
calculations.
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Appendix. Maximizing the normalized beta

This appendix describes the calculation of a maximum ideal,
no-wall 〈βN〉 as a function of δ. The Grad–Shafranov solver
chease was used to generate equilibria with the same A and κ
as the DEMO2 reactor above and with δ from −0.9 to 0.9. The
plasma boundary shape is that of equation (2). The pressure
profiles and current-like profiles are simple functions,

p = p0(1 − ψ̂bp1)ap1 , (13)

〈J · B〉
〈B · ∇φ〉 ∝ (1 − ψ̂bc1 )ac1 , (14)

and are a subset of the family in Menard et al [2]. Note that the
faroes tokamak model used in this paper is zero-D and these
profiles are used only by the MHD codes.

An optimization procedure was used to find, for each δ, the
profiles with the highest 〈βN〉 that are stable to no-wall free-
boundary and fixed-boundary modes and which have bootstrap
fractions from 40% to 55%. Equilibria with local bootstrap
current ‘overdrive’ (a local bootstrap current density larger
than the total current density) were not screened out; this may
be the reason for the relatively high 〈βN〉 limits found here, and
future studies should consider screening for this effect. Stabil-
ity was assessed using dcon [44], for toroidal mode numbers
n = 1, 2, and 3. For each pair of profile functions plus a cen-
tral safety factor q0 (chosen to be in [1.02, 1.4]), the maximum
stable p0 is found. This maximizes 〈βN〉.
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Figure 11. The stable equilibria with the highest 〈βN〉 and
acceptable fBS at each value of δ. The gray line is a fit from a ratio
of third and second-degree polynomials.

As a first round, a random sample of 400 profiles were eval-
uated for each δ. A Bayesian Gaussian process optimizer [60]
was used to determine additional sets of points to run in fifteen
subsequent parallel rounds. The top 〈βN〉 for each δ are shown
in figure 11. We find that the maximum stable 〈βN〉 decreases
by about 18%, from 4.3 to 3.5, as δ goes from 0.4 to −0.6.
A ratio of two polynomials is fit to the data to form a smooth
function of δ.

As noted in section 3.2.1, the 〈βN〉 maximized here is not
the same as 〈βN,v〉 which used in the faroes tokamak model;
for the best stable equilibria the latter is about 1% larger than
the former.
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